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LOWZR 30UNDS ON BZARING ACCURACY
FCR CLOSELY SPACED SOURCES

Abstract

Resolution ¢£ nmultiple sources that are closely spaced in
bzaring is a topic cf cocnsiderable intesrest in passive localization app-
lications. Many cf the availahle studies have been devoted to the i
rlezentation c¢I algerithms with less emphasis on the absolute 1lowar
bounds on acttzinable accuracy. “This repor:t presents Cramer-Rao lower
bcunds on bzaring estirmation errcr for two closely spacad incoherent
scurces which vradizte spectrzlly overlapping broadband Gaussizn noise.
The radiatsd signals are assumed to cccupy the sanme freguency banéd which
is taken b€ to be lcocwpass and rectangular in shape. . The signals hLave
(pessibly different) unknown spectrunm levels. In the most gensral prob-
len se%tting, _e.g.,. when prior knmowledge of signal levels or & single
scurce bzaring is unzvailable, estimation accuracy is shown to degrade in
proportion to the second power of the inverse angular spacing, resulting
in large degradaticns when compared to the accuracy attainable in a in-
gle source setting. There is svidence that in certain situations, a fornm
of apricri knowledge cencarning signal power levels can be useé to signi-

ficant advantage in joint bearing estinmation.
The detectability of a secend source from a signal field con-

taining two closely spaced sources that @re-overlapping,in both time nd
frequency depends on the resoclving power of the array and is expected to
be poor at low signal-to-noise ratios and short observation times when
the angular spacing is szall. .. The problem is addressed by considering
the following binary hypothesis test :
Hg: There are two closely spaced sources present, which radiate

power SNRq and SNRy, respectively;

H1: There is one source present radiating the total received po- -
wer SNR; + SNR>. -
where upper bounds on the false alarm and miss probabilities are conput-
ed. The results indicate that below a well defined threshold, defined by
a combination o0f the two signal-to-noise ratios, observation ti=x and
5 : angular spacing, the probability of error in guessing the wreng hypothes-
is tends to one half. The reachability of the earlier computed Crazer- -
Rao lower bounds £for this regime is questionable.
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Introduction

Joint bearing estimation cf multiple radiatin sources 3is a

rcbhlen which has generated ccnsiderable interest 1in the signal
processin community in recent vears. A large majority c¢f£ the sctudies
have been concerned with the implementation of so-called high resolution
algerithms, which have been known to be successful in resolving multiple
closely spaczad souxces [1]-[5]. There have been fewer general studies

concerned with absolute 1lower bounds con accuracy. Without relevant
performance figures to serve as benchmarks against which the accuracy of
p*‘af"'"ca1 algorichnm may be compared, the degree oI optimality for

ifferent pproaches is d;--lc"’t to assess. In addition, nest of the
studies (both analvtical and algorithm-based) have tresated the narrowband

problen exzlusively [3] -[5].

Lower beocunds on bearing error in a multiple source satting have
ccmputed by other authors and most notable of these are references
- [10)}. Reference [8] considers Cramer-Rao lcwer bounds on bearing
as wall as the structure of maximum likelihood bearing estimators
the cases of both c‘csalv spaced and well separated sources. When
aring difference is smaller than a beamnwidth over the entire
pplns) freguency band, bearing accuracy associated with a give
is shown to dsgrade serlous’y as result of the presence of =a
g signal at unkaown e author demonstrates that the
lds <Zor both broad owW> and signals. The analysis
si <
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Reference [7] presents analytical forms for the complete Fisher
matrix corresponding to estimation of both bearing and power levels for
two inccheren rnarrowband sources. The authors point out that €for
bearing differences which exceed a beamwidth, the impact of wuncertainty
in power levels on bearing accuracy could be minimized with the use of

Tays which exhibit smooth beampattern values in the neighborhood of an
-nte- erence. The dJdiscussion was confined to source separations that
exceed a beanmwidth, leaving open the guestion of estimation accuracy
degradations fcr sources in a closely spaced ccnfiguration.

Ng in referesnce [8] computes analytical forms of the Fisher In-
formnation matrix for a two receiver array, leaving open the gquestion of
performance for larger arrays, as well as the performance degradations
resulting from unknown signal levels. Boehme in reference [{9]
demonstrates with extensive simulation results the statistical coupling
of bearing, range nd signal level estimates in a multiple source
setting. His study considered both well separated and <closely spaced



‘noise signals are statistically independent from sensor to sensor. Th

sources but pressnted no performance figures.
This study considers the bearing estimation accuracy of twe

1y spaced sources under conditions in which prior knowledge cf thi

radiatad signal powers is not na2cessarily available. The socurce signal:

are =modellad as spectrally and temporally overlapping. The study

investigates the performance of lirne arrays of equally spaceé sensorf

under ccnditicns of practical interest. The power ratio cf the twi

source is demonstrated to play a major role in determining accuracy. Thi
s

éiscussion 3 largely focussed on the situation in which the angulaj
difference between the sources is extremely small.

Az lecw signal to noise ratios a2nd short observation times, thi
£

<

ity ¢f the array to distinguish the two sources from a single sourc
is expsctsé to destsricrate, and this suggests that without aprior!
knowlaedge of the ruxber of sources prasent, the Cramer-Rao lower Dboundl
are sirply un-esachable. The final portion of the study addresses th
resclvability of the two sources when the angular difference become*
small., !
The report is organized as foliows. In section 1, the genera
theory is cresented wihich includes analytical forms of the lower bcund{
on source bsarings. Sa2ction 2 éiscusses features of the bounds when th
signal levels zre known apricri. The relative signal to noise ratios o
the individuzsl sourcss is shewn to play an important role in detsrminin
cvarall accuracy Unknown signal power levels are introducsd in ssctiol
3 whera accuracy recductiens in the psrformanze comput2d in section 2 ar
shown tTo be cuite largs. Section 4 considers the resolvability o©f tn
sourses. A summary 9f the important results is given in secticn 5.

An egually spaced line array is located in the far field rela
tive to a pair of incoherent radiating sources (Figure 1l). The socurc
are oriented at bearings aj (source 1) and ay (source 2) with respect t
the array axis. The signal received by any given sensor in the array i
egual to the sum of the two source signals in adéition to a nolse signa
that is assurmed to be locally generated or produced by the receiver it
self :

0

A
(o4

s T

«

xi{e) = s1({et-ts) + sa(t-z3) + nj(t) : (1)

-
-

]

It 1is assunmed that the signals sq(t) and ss(t) are mutually incoheren
but individually (perfectly) coherent over the receiving array, while th

variable tj cenotes the propagation delay for source signal 1 to trave
to sexnsor i. imilarly 2j refers to the delay associated with sourc
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Figure 1
Tha2 sensor spacing, d, is uvnifcrnm ovar the array. Since thera ar2 a
total of M recz2ivers in the arr-ay., the array has length (M-1)d 2 L. The
angular dif‘erence between ths sources measured with respect to th2 array

axis at the nmidpoint is &«x.

Based on signal obsarvations from the sensors, we wish <o Zind
the lower bound on estimates of a3 and a3. If the spectral propertizs ol
the signal and noise processes are k“owﬂ apriori, the paraszaters of
interest iaclude only bearings and the relevant parameter vectcr 8 is

given by :
8 =1 a1,a2]7

The 1inverse of the well kncwn Fisher Informatier
error wariances of sstimates for parareters in

n matrix [11] yields the
8 :
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_ 3
;3 ln p(¥/8) d la p(X/3) |
14 = B = = il 2
Ji5 t Y 5 b (2)
s o 7
Cov ( as.,as ) 2 J-l i.. (3)
bs 3 .lj
If the spectral parameters are unknown, § will be suitably enlarged. Ia
the £first part of this discussion, the effects o0f vuncertain spectral

parameters will be ignored.

The £following assunmpticns are used in the anzlysis :

1. The signals s3;(t) and sy(t) are sample function fronm
statistically indspendent stationary Gaussian processes with zero means.
.2 processes have lowpass, ractangular spectra of equal width, W, but
with possibly different heights.

2. The nois2 signals appezring at tx ious <racelvers
are sample functions <from statistically inde T, stationary
Gaussian processes With zero means and idsntizal spectr preopercies.

3. The ckservation time, T, is much 1lzng
mon) signal ccrrelation tinme.

The chbserved Zata 1s representzad by ths vector of Fourier ccei-
£icients cf the signrals received by the varicus senscrs concatenated:

X =10 XlepT, xex)T, . . ., Koy T 1T
where

Xlog) = [ X1log),Xalek), . . . , Eqlaeg) 1T

(- -]
~Sut .
Xji(og) = 21 j xi(t) e J9%ax .
T .
-

The probability density function of the data vector, X, condic-
ioned on @8, 1is complex and Gaussian with zero mean. If the tixe- \
bandwidth product TW 1is much larger than one, the data Fourier co-
efficients associated with different frequencies are approximately un-
correlated. Under these cond-itions, the pdf of the data vector X has

the form:
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1

s p(X/8) = *I { det aXy ]_l exp ( -Xi Ry L) (4)

At Ky 1s the covariance matrix of the sansor data a- frequency wyg. Defirne
{ > .
B the signal stearing vectors ¥1 and ¥p as £ollows :

e vi = [ e Iukt1 e dokty 4T (5)

hd r

{ e~ J9k?1 b e e e-jmkzM ]T

5

'ﬂa Ry then has the form :
R Rx = Spleg)vivs’ + Soloy)vava™ + N{egx)I (7)

W where I is the identity matrix. Si(ey), Sa{eyx) and N(syg) are the pcwer
‘“ spectra of sj(t), sp(t) and n:(t), respactively.

) . . - . .
) The elements of J can be obtained £rcm equation (2), using the
£ollowing well known results (11) :

0 Jij z Tr( Kk-l igk Kk—.l %? ) (8)

1, 3Ry ) .
) ~ ) - (9)

-{’
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The k - subscripts have been omitted in the quantities P; ané

to simplify subsequent algebraic expressions :

S1 (or) /N (ep) So(wr) /H{wy)

P1 = 1 + MSq (eyg) ‘ P2 = 1% MSo (wyk)
Gv - 1
© 1 - P1F2 |¥1'¥2l“
M
jx1'vai® = Z{: cos [ og (5 - ti,; 2 + z4) ]
i,j =1 5
Note the dependence of the function ]_1'v2] on the angular
and the differential bearing and ranges betwean scurces which
by ths quanaticy
(¢f = t35 - 23 + zj).
Calculations carried out in Appendix 1 vieléd the £o
ressicns f£or elements of the Fisher Informaticn matrix
W
J1q4 = . 2, 2 2 )
11 = Gk P1 Spleg)/N{eyk) 31 - Pol1 + P17P2"Gkn1 J
k=1
W 2
3 |vitvol
J12 =z GkPlPZ{ 3ay dag + GgP1P2n1n2 }
k=1
W

J2g = ji Gk { Py Sa(ey) /N(wg) { By - P12 } + P12P22Gk”22 }
k=1

' The variables n1.,12.21,22,81,82 are defined és follows :

’
v

3 2
LS Py [vyte2] i i=1.2
At A T e T et T W e e e ST T Y R L S A gy
l.w“q . ’\«-\'p\" ..'.n.-.:‘ NJ"-'("N ; ';{““\\(“h“

A""..lnlll."....l.

bl b A A A Al

(10)

P> in (10)

(11)

klZa)

(12b)

frequency w
is expressed

llowing exp-—

(13)

(14)

(13)

(16)

e
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3 A & s,.‘ s . = 1 - l
3- ] da:das | 1 ! ' a-‘ R ;1 L, 4 (17)
{ (2 : (g }
U: s 2 T (= w:v: ) (wiws ) ( ~ vivi) ;=3 =1,2
Lot T g (18)

33 1is reccgnized as the familiar pattern function derivative.
From an analytical point of view, Z; is the only gsometrizal quantity
that is imporcant in determining the accuracy of a location paraxmeter for
a single source. One can show this by setting Sjplwy) equal to zero over
the frequency band in (13). It then follows that Gy =+ ( 1 +
MS1 (wk)/N{eg) )™l and one obtains for Jy17t

T (S1 (wy) /2 (0x)) 2 ‘}‘1

1 + MS1(augx)/dN{eg) “=

(19a)

ko= 1

It can be shown ( see Appendix 2) that when the sensors are arranged in a
line array configuration of total length L, (1%a) is equiwvalent to:

NT

. 2 . s 2 -1
Va:(&l) > { Z (Sﬂ_(mk)/J(wk)) ( 23u$ln(a1‘l )
kT

31

bl
: 1Q
L+ MS1(ug) /Nley) X! } (18b)

where Ax is the signal wavelength at frequency k. The above expression
for the variance of bearing error ‘indicates that the inmportant geonet-
rical quantity determining accuracy is the ratio Lsin(aj)/Ag. Lsin(aq)
is the array baseline ( length of the array component in the direction
orthogonal to the line of sight to the socurce ). Accurate bearing esti-
mates will therefore result when the baseline exceeds a signal period.
Sinc2 the Cramer-Rao lower bound is a local error bound, it will not
yield information about estimation accuracies resulting from ambiguous
estimates ( noise generated peaks in the likelihood function which ~ occur
far away from the true parameter value, or multiple .solutions to the
likelihood equation resulting from ambiguous delay estimates for narrow-
band signals ). If the possibility of ambiguity error can be safely dis-
counted, then equation (19b) states that raductions in the Lsin(aj/Ak)
ratio must be offset by simultaneous increases in the signal to noise
ratio or observation time, if operation within reasonable accuracy limits
is to be acheived. The remainder of this report will be confined to a
discussion of local errors only. ‘

s’

Returning now to equations (13) -(18), it is clear that the remaininé
quantities appearing in the Fisher matrix describe the . interactions of
the two sources resulting from effects of interference. Of prominence




) . .
o ars darivaczives c¢i ths arrzy Deamzgatiary,

TV T T TYErT "y L yal Sod sof oaf 2l Sed Rof Sh e dod Eog Ak ok an G Bak Aol Rak Al fs Al e e ah A0 A A ot S AL ath ath Skl kil ALt AR S SRR A A

L¥e)

P
1ON ha beampacttern is da2fined in equation (12b) and will be shewn to degend
mﬁ on_ th .signae £raquency, the array configuratien and the angles of
orientation of the two sources. The array beampattara is ¢th measured
B response at a particular freq"ency for an array which has been £fccussed
}Q cn source 1 but which racsives signal energy from the dirsction oI an
SN interfersnce (scurce 2). At frequencies fcr which tha beampattern is
»}& large, the scurces arpear to radiats from nearly the saze bearing angle.
K. At fraguencies fcr which the bean patbe*i is low the sourcss are easily
distinguishable. Cf particular interest to us is the case in wihiich the
- sourcas appear to enanate fron nearby bearings for all signal frequencies
S in the signzal band.
:fx It can e easily shown with a few steprs cf algsbra that if the
gij arrzy teampattarn hagpenad to ke equal to za2ro over the freguency band,
;\& then the beampattern, its deriwvatives and tha y functions would be iden--
1 .
e tically z2ro. According to (’3) - (18), this situation wculd resulc in a
ﬁﬂ. diagonal Fisher matrixk, uncorrelated estinmaticn errers for «- and a3, and
.- o cdegradation in kearing accuracy for elther sourcs - not a surprising
I resuls for wall-ssparat<=zd scurces.
{-} Tor the case of closely spaced sources, hewever, by inspecting
egquaticns (13) - (13), the dependence o0f thz lewar boun on the twe
- signal to noise ratios as well as the eangular spacing nd array
;g- coniiguration is guita complicated. For example, the function Gy varies
oy with freqguency and the reS"t;ng k- sums nust e evaluated wicth care. Is
I will be convenient to consider bearing accuracy under specific conditions
ic‘ £ 1intersest and foxr trese cases the behavior of the k-sums can ke nade
) simple. he next section considers the problsm of clecsely spaced
O sourcas.
AN
;f: 2. Bearing Accuracy for Closely Spaced Sources
" "

Consider now the problem of closely spaced sources, whare a3

a2 is sufficiently small so that

¢?ﬂi§

2 2

[vitwal = M. . T (20)

-
e .
‘"; If the source signals impinge on the array in the fora of plame waves,
elements of the Fisher matrix can be simplified cons*derably Chcosing
o the array midpoint as the coordinate systex origin, £or plans wave
ﬂ}: arrivals the travel tizes are given by :

’

R The beampattern becomes :

3 t;j = idcosaj/c ; 2zj = idcosagz/c ; i = -(M-1)/2,...,(M-1)/2 (21a)

N2 tj - zj = id(cosaj - cosajl)/c L (21b)

-
L]

» -
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2
[vi*vai® = ZE cos { (@ /c) (i = j)d(cose:r - cosan) } (22)

t; - 23 = idAasina; da = a1-as ; a = (a1+a3)/2; (23a)
Unéar nes2 conditions the cosine argument of the fuaction in (22) will
vary negligibly over ths i - index provicded Aqisin{a)W/c << 2z. In such
a casa
2 2
1 - Juitval /M < 1 (23b)

Mote that the condition (23b) would ke satisfizd in ge2nerzl when

| (ogd/c) (i-3) (cosay~cosasr) li << 2z v k (24)

In addition to the case a1 % a3, the critericn of equaticn (24) can alsc
be met whenever L << Axjip. We assume that this is not the case, that is,
we wish to be in an estimation regime in which accurate estimates of a3
or «aj are possible when the measurements are obtained without the pres-
ence of the second signal arrival. When L << Apjpn the array simply has
no means of determining bearing even for a single source since differen-
tial delays which are fractions of a signal period cannot be exploited in
bearing measurenent.

Consider then the lower bound for closely spacad sources, i.e., equat-
ion (24) helds but L > Apjpn. Computations carried out in Appendix 2
yield the following approximate expressions for the Fisher matrix ele-
ments. When contributions to the lower bound of order -

o2 2
(W )

and smaller are neglected one obtains the following :

Tw . B
J11 =ZE Hyi (MS3 (ey) /N(ak)) X1 Okz[ 1+ gog Hk(us2(”k)/N(“k) ] (23) ;
k=1 |




<3
d

o agn
-

%

T,

o ww
4

s
.

\
«
]
]
»
3
s

]
"
K 1]
k.
oY
:i

"

TW
Jia = z Hk(}lzsl(uk)52(uk)/(a‘l(uk)) ) X]_X:wkz[ 1 - 6/55@32 -
k=1
ﬁwkzﬂzﬁksl(wk) Sa(eg) / (M{og) 2) ]
TW
Joa = EHK(MSg(mk)/N(mk))2X22wk2[ 1+ ﬁmkzﬁk(MSl(mk)/N(mk))2]
k=1

xizé (Lsinai/c)z/s

({ AaLsina/c)2/6

™
>

e

ey
|
I<
iy
|<
[\

Hx ¢ [ 1 + M(S1+S5)/N +%y 5152/2:: H ]'1

£ the TW product is large ccmpared tc ons, the k - sums aprear-
ing 1 the abcve expressions can be apprcximatad by integrals.
Sy¢ + S3. Defines the follewing

- -
-

(28)

(27)

(28)

(25a)

(28b)

{(25¢c)

Let S £
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a0

xfgﬁ
' . T ) do

Ko i f (I = MS/N + M<S5;S5/%< § ) (30) J
X 0
o
! W
~'N 4 .
"I" N T [} d&)

o 0 \
ot W 4
oy , T 8° do
%’: I3 3 2z I (1 + MS/N + M<S.8,/N= ¢ )< : (32)
’ 0

N
ﬁg In terms oI the above integrals, ths F.I.M. (Fisher Infor—ation matrix)
.ﬁ; elenents can be expressed as follows
,.".'

)

tf - 3
Jﬁ, J11= Xlz(MSl/N)21 I{ + ﬁ(.ng/N)2 I3 } (33)
L ' . J
B
" 2 20 _ 2 2. )

g J12 & X1XoM“S3s,/M 4\ I; - (6/3)8I5 ~ BM“S1S9/N“I3 j (34)
"'t . 2 27 ) 1 )
e Jo2 & X2“(MSa/N) {\ I1 + B(MS{/M)° I, J} (35)
o
'Q% Consider equations (33)-(35), which are explicit functicns of I;j, Iz and
) _I3. If

g8 2 2

¥ 1+ MS/N > u2sysa/n% § = MPsyso/w L O (36)
¥

£ over the frequency band then the denominators of the integrands are dom-
» inated by the constant term, 1 + MS/N. Under this condition, the inte-
o grands of Ij, I and I3 will grow ( approximately ) with #2, &4 and - &0,
:f¢ respectively. £, on the other hand :
e
@

* 2 2 o2 2 gw? pw?
s 1 + Ms/N << M7S1S3/N"§ = M®S1S3/N - (1 - == + .. 0. ) (37)
LY .
N
:2; over some frequency band, then integrands of I;,I3 and I3 will tend to
,*1 vary ( approximately ) with &9, 2 and 9, respectively. Note that the;e
R is no other possibility for the behavior of Hy. L

o Obviously (37) will hold only at large signal to noise ratios.
&i. In fact in order for (37) to hold s
.f_:

1s
o , 2, -1 .

Dot MS; /N >> (fag”) i=1and 2
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For example, if (ﬂukz) £ .1, then MSi/M > 10 for 1 = 1,2. On tha other
hand, equation (35) will holiéd when

1

MS:/N < (o) for i = 1 or 2.

Define the variable R :

2 W2
M°S1S,/N :
1 + MS/N (38a)

A
[

We will «ccnsider two regimes of interest occurring at the
extrzme wvalues

<< 1 (38b)
Rimax
> 1 (38¢)
where §mzx 1s dsfined as the wvalue of § occurring at the largest (common)

When R§max << 1 it is shown in Appendix 3 that elements of the
F.I.M. can be approxinated by :

2, 2 2 2 '
_ TW ( MS1/N )X, w 3RW 2S5 _
11 = 73 1 + MS/N - (1+5— (g 1)) (38)
2 2 2 )
_ TW M°SyS5/N°xyxs W _ 6 2_ 9 2
12 = 7 TT+%Ew 3 (1= 550 T 5 RW ) oo 39
2, 2 2 2
= IW (MS>/N) “X» 2 W 3RW 2y _
J22 2z T + M(S+52)/0 2 3 (1 + = 551 1) ) (40)
After a few steps of algebra,
w2 u2s,5, /N2 }2 i [

2 W
det J = Jy31J22 - J12° = [ 3% *1%2 37 T u(s +S5) /N

-
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3RV { 2(Ms/Y) (- - 8 g - 36 ﬁ":i R ¥ SR ] (31}
5 | TM<S.Sa/N~ ' B 23 ! 25 =
The 2rror in estimating e: is given by equation (32) whlich exmplcys the
cenvenztien i - j ;5 1,3 =1,2.
- . 2
Var(3:) 2 Jis o [ W x;z W (MS /I) ]
- det J 21 - 3 1 + Ms/XN
2 2 2
1 + 3 5"2( (MS:/N)“-{(1/2)M“S1S>/N )
S 1 + MS/M (42)
3 R"2 2(MS/N) (1 - 5 "2) _ 36 ,..2 L. 12 w2 <
S | mesTsayme (5~ 5 8% FERAE 73 f
- - 4
I+ will be usaful to consider the above expression for bearing
error undaer tha following conditions: It was shown earlier that when
RE-ax << 1, onm2 but not beth signzl to noise ratios, MSy/N and MSy/N,
2 -1
could exce2d (g4 ) . However, both signal to noise ratios could be quite
2 -1
small. Supposea MSi/MN << (8W ) :2 = 1,2. One can sho+ that

-2 §.25 ; MS/M << 1

2. -1
(W) ~>> MS/N >> 1
(43)

n

~-e

Equation (43) states that when MS/Y¥ << 1 the lower bound varies inver-

(8]

sely with the product gW . It tends to infinity as As tends tc zero.

2 -1
When (W ) > MS/N >> 1 the lower bound exhibits similar behavior.
The bearing accuracy is nearly 1ndependent cf the signal to noise ratio
within this regime since the bound varies only slightly over the allowed
range.

However, if either signal to noise ratio happens to exceed (gW ) ., the’
bound behaves quite differently.. B

2 -1 2 -1 --
Let MSi/N >> (gW ) but MS3§/N <« (W ) . It is straightforward
to show that

2 -1
var(aj) 2 [ gg xiz g— MSi/N ] ; Rémax << 1, (Msi/N)pw2 > 1 (44)
Var(aj) 2 [I? Xj 3— —5—- (MSJ'/N) ] M R{max << 1, (MS;_/N)BW > 1 (45)
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2 -1
3y deliniczicn, MS3/MN << (W ) so that tha bearing errzcr for
scurc2 j is much larger t“an £or scurce i. In ordsr to obtain insighs
into the effacts of the presence of an intarierence on the ability tc
da2tsrnine bearing, T will be useftl to ccmpute the fracticnmal error,
£Var(a:), definzd as the ratio of bearing errcr for estimates oI aj ==
tained under the assumption that source j { the interferencs ) is present
anéd located at an unkinown bearing, to the egquivalasnt performance figure
obtained with source j absenc. he lower bouné cor:es;ord:r, to thes lat-
ter situation is given by expression (19b). With the definiticn for Xji,
(19b) is egquiwvalent to :
5 -1
Var(a:/source j absent) 2 [ (MSs /M) “I1 X< ]
S =0
2 Y & "1
5 [ W (Ms: /M) W X,2 ]
B 2z 1 + Ms;/N 3 1
Therefcrs w2 havs :
Var(aj/sourcs j prasaxnt)
A'fi:(dl) 2
Var(aj/scurce j absent)
2 -2
Fer tha low SNR casa : MS/N << (gW )
2 -1 [ 2.03 ; MS/MN << 1
AVar(a:) = (MS{/N gW ) = j 2 -1
{ 1.66 ;1 <C MS/N << (3W )
(46)
2 -1
For MS;j/N >> (gW ) ;i =1o0r 2 :
AvVar(ai) =1
: 2 -1 (47)
aVar(aj) = 5(MSj/N W ) ' j i

Equations (43) and (46) show that the value of the bea
associated with «3 1is insensitive to the signal to noise ra
since the total variation of the bound over the summed SNR 1
than 2 db. The resulting bearing error, however, is larger by t
(8W2)-1l when compared to the case of source 2 abseant. Equation

-
-

).r.-.'.rr "“

1Y ' .AI‘JQMJ

-A-‘- ‘.[_

L‘f-.&;.‘fn.m;’

ring error
tio Sz/N.
s snaller
he factor
s (44) and
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(47), cn the other ha=md, shcwWws that orn2 can obxtain undegradsd bearing ac-
curacy in_the estimation of ai if S3 is suliiciencly larges so  that
(MSi /M) =gW< >> 1 provided that Sj is nmuch smaller than Si.
The cas2 Rémax >> 1 i3 considered rnext. Appendix 4 conzains the
details leading t2 the following expressicn fcr the Fisher matrix
2.2
™ W°L 2 -1
s > .
J = 51_ 6c< (‘J /2) x
.2 [ . . ¢ 21
(S1/52)sin (al){l + 2S3/81 l -sin(ay)siz{ag){l + 2/5pW"}
. J [N J
2) 2 ’
-sin(al)sin(az){l + 2/58% J (sp/S81)sin (az){l + 251/821
S \ 4
(43)
Ic is straightforwardé to show that
2
2 S$iSjy Sj
(8w /72) ( + )
s2 252
Var{a;) 2 (49)
W 2 2 |
X: W }
21

Equation (49) decreases mcnotonically as the ratio Si/5j teads to zaro.
The fractional error c¢r penalty on bearing accuracy resulting from the
presence of a second source in the estimation of either a1 or a3 is given
by :

2
2 3
Avar(aj) = (W /12) ( 1 - = ) (50)
s .
As Sj/Sj tends to zero,
2
BW MS3/N
Avar(aj) - - (51)
6 ‘ :
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BV  MSi /M
AVar(aj) - (52)
12

Since both prcducts on the right sides of (51} and (52) ar2 largsr then
one by assumpticn, the fracticrnal increase in bearing error for R§ >> 1

is quite large.
Figure 2 depicts the fractional error for bearing aj; with MS;i/N
<< (gwe)-l ( solld curve ) ané MS;/N » (pW2)~1 ( dashed curve ) as a
function of a The accuracy reducticns are significant at all walues
of MS4/N ‘o* the scl d curve, but present only at the high end for MSj/H

the dashed curve.
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I t is worth pointing out that if one of the sources happened tc
be at a known bearing, the lower bound on estimates of the unknown source
bearing has the following interesting properties. Let source j be 1loca-
ted at known bearlng and source i be at unknown bearlng. If source j has
a signal to noise ratio which is much smaller than (W 2)-1 the 'degrada-
tion factor is:
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i
‘fc"‘ |- = ==
i avVar{ai;) =1 + Sj/5;4 (Z3a;
e
E&Q cudging freom (S53a), tha incremental bearing erzor risas lizearly wish che
A ratio of i::a:ferenc? to signal powers. However, 1I thz SN2 of scurcs 3,
W MS3/M excesads (BW2)~1 as well as MS: /M, the dsgradation factor is:
(L%

_%; . 1+ 855/8: 2 -1
ohy AVar(ai) = - z (MSi/N gW ) » 1 (23b)
‘?; MS /N g~

€ 2
f&p Since (MS3/M) gW >> 1, (33b) is s=maller than (53a) bu:z large degrada-
:;g ticns in bea*lhg error ramain as result of the pressncz of source 5 s
?;i 2. 1If the signal to noise ratio for source i is large, MS;/U >> (W ) .

) 2 =1
s but MS3/N << (BW ) , no degradations in accuracy are observed.
%xd The relationship betwean (53a) and (53b) can be explaine* as
‘0 follcws. Suppcse 8a = 0 -- this corresponds to (53a). Any finite
ﬁﬁ' TUustT be snmaller than §w2 since § is zero. As 8a increases, a large value
uﬁ. cf MSs/MN exists for which MS /M > (pw2)' . However, as 08z 1increases
f,, sufficlently the Ekzampattsrn w:ll tend to zero and the function ¢ will
"s tand to oza. At this point there is no accuracy reduction in estimatin
':fﬁ ai becausa the sources have become wWell saparated. Henca the transition
o £rom (333a) to (53b) Cescribes the effact of increasin separation on
O Eearing accuracy improvement.
N
e 2 -1
- When both signrnal to noisa ratics exczead (W ) one can compute
:;ﬁ analcgeus degradation factors
R4 2 2 32 [ 2

> 3M S1 Sa/N sW 1.5 MSp/N gW ; Si >> Sj
o AVar(aj) = { 2
:ﬁ 2MS/N(MS/N + MSj/N) , .75 MS1/M gW ; S3 >> Si
Aol
i 2 -1 ;
\;{ With MS;/N >> (gW ) , accuracy reductions resulting from the presence of
— a sacond source are large in this setting also.
Cj; . At low signal to necise ratios for the source at unkncwn bearing,
- increases in the signal to rnoise ratio for the source at known bgaring
o tends to improve bearing accuracy. At large signal to noise ratiocs for
'Gf . the source at unknown bearing, reductions in accuracy are present only
e when the SNR of the other source is large as well. In this setting, the
il optimal condition is S; = S, where the error increases monotonically as

] the power ratio deviates from one. Hence, even when the bearing ¢f one
.ﬂk source is known apriori , the ability to determinine the bearing of a sa-
2&; cond, closaly spaced source can be quite poor.
e The results of this section indicate that a potentially wuseful
I regine exists in the estimation of a particular source bearing provided
s that the SNR for that source is sufficiently large and the interfering
e source SNR is sufficiently small. When the conditions fail to hold.
1998 P
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bearin accuracy is greatly raduc2g in the =multipls scurss setting. In
the next saction it will ke shown that unkncwn spectral levels compromise
bearing accuracy further and that under thesa coaditions one is always
forcad to operats with large accuracy raductions.

3. Bearing Estimation Accuracy Witheut Pricr Rncwiadge of Scource Peower

When prior knowledge of the source power lavels is unavailable
the relevant parameter vector 9 beconmes :

8 =10 a1, a2, S1, S ]7. (55a)
Consider the £ollcwing partitioned zmasrix
Ji J2
J = (56b)
32T | I3

wherza J; is the Fisher nmatrix associatad with bearings only

L f 3lns(X/9) _3lnp(x/9) | _ Ji1 J12 ]
[Jl]lj 2 E t aai adj } = [ le J22 (57)
and
dlap(X/8) alnp(X/8) [ J13 J14 ]
Tsao A o/ = YA -
aliy d ® { 3ay 35 } 323 J24 (58)
L [ alap(X/8) alnp(X/9) _ J33 J34 ] ‘g
(33115 # & {255 5 = 333 )
The total bearing error can be expressed as follows : K
~Cov(aj.aj) 2 [ JiL - JZTJ3-1J2 ]igl (60)
Define the matrix X :
T _1 , "v .
X 483233 J2 e (61)




he elenents of X arz2 as £ollows

W W T T O VOO TR OR Y

x"‘f Xll =

i J137944923 ~ J14334923 - J34924913 + J14924933

S
]
[
[ )

det(J3)

2

e J23 J44 — 27343724723 + J24 J33

dat(J3)

_ M3S152/N3 (1 + MSo/N §) 2 n
(1 + MS/N + M<S51S,/MN< §)< M2

M2s, /N2 (1 + MSp/N) 1

- = Al
R J14 TT + MS/N + M28153/N2 § 12 2

WT 2 2
_ Joq = MZS5/N®(1 + MS5/N) n2
o 23 (1 + MS/N + M25152/N27¢ 12 2
‘ —
WT

K 2
X, Iog = _j{: M 5152/N3(1 + MS4/N § ) 12

£

2E
PELLAE,

2rYs
‘
-

»

e e e L e e e e e T e D e T T e S
L] - . - - . hd
\ -.'z. -‘.. v, -‘., .‘-....-. . -._"'._-.. 4’..' e

datails of the followi
£ine

(1 + MS/N + M2515/0 ¢ 14 2

-
-—bd

¢ derivations of

.....

- -
-

(63)

(64)

con-

(65)

(65)

(67)

(68)




correlated. For signal to noise ratios, MSji/N,

2
ﬁ 2 - -~ - = K ‘-‘/
Ja3 8 - MUSa/N°(L + MSa/N) ( Iy -(2/%8) Is ) A“s‘“(‘”;s‘“‘“) (77)
6c
- 9
J33 2 (M/N)“( Iz + (MSa/N)g Ig + B MSa/M (MSa/4M - 1/3) Iz) (73)
- a1 2, - 2 -
T34 3 (M/M)°( I -(8/2) Ig4 + (8°/19) I3 ) (7s)
Jga = (M ) 2 Iz + (BMS1/N)Zg + 8 %Sl/N (Msq/4d - 1/%) Iz) (80)
Appe:dices 6 - 8 contain details lezading to expressions for the
F.I.M. uvncder various conditions. It is useful to consider properties of
the J3 matrix alcne before discussing the prcblen of Jo*rt bearing and
‘powsr estimates. Thz following stztements are baszd on darivations taken
from the arcendices.
1. When the signal fiz21d contains only & single arrival (e.g.,
So = 0), estinates of bearing andé signal power ar2 statistically uncorre-
latad. The lower bound on the variances o signzl power estimates for a
signal ¢ strength S is given by :
2 -1
W (M/N)
Var(8:) 2 [ == — 81
(51) 2z (1 + MS/N)- (82)
L1 N2/ ¥%2  Ms/N << 1
W 2
T 52 MS/N 3> 1 (82)
2. When the signal field contains arrivals from two incoherent
sources, bearing and signal power estinates are in general statistically

snaller than (8w ) s

2 -1

2 2 -1
—ra. TW (M/20) L ]
var(8;) 2 [ e . (83)
2 -1
The degradation factor is proportional to (gW (1 + MS/N)) > 1.

g 2 -1
3. If one signal to noise ratio exceeds (W ) ( for exaaple,
source 1 ) estimates of signal powers are statistically uncorrelated.
The lower bounds are given by : '

L _-I'l.
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2 2
(M/2) 1 + MSA/M
Jy3 = § = h ( 2 ¢ )

¥ =1
J3a = J = - (M/N)z (1 - ¢§) (70)
34 43 (1 + MS/N + M<S1S3/N< § )<
k=1
WT , .
Jaa = (M/N)°(1 + MS+ /N ¢ ) 71)
k=1

If cne defines integrals I4 and I3 as follows, the elements

of
J2 and J3 can bz expressed entirely in terms of integrals I; - Is.
W
2
. T o” da
st 5 | mewsare HeS155/%2 §1< (72)
0
W
T da X
Is 3 37 I (L + M5/N + M<S1S5/N< §) -« ' (73)
0
With the following expressions fronm Appendix 3 for n1 and g9
1/2 2 2
ni = Xi(g) o (1 -2/5 g0 + . . . )
one can show that
3 3 " L2%asin(a1)sin(a)
J13 2 - M7S3So/N7( I4 + (MS3/2N -2/5)8 I3 ) - 5 : (74)
' éc
- 2 . .
e J14 = MPsy/m® (1 + Msy/M) (T4 - 2/58 13 ) L fasinla)sinla) (75)
A 6c
L L2
N Ja4 2 M3SySo/M> (T4 + (MSy/2n - 2/5)8 Iy ) B dasinlep)sinla) (76)
- éc o .
_... ’ s . -.,/
, ~ . 2 2 L%Aasin(a3)sin(a)
‘.’i:‘ .
B
Wl
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! 2 -1
¢ W (M
i var(3;) 2 [ A )2 J (84)
a0 ™ (/W) 1TE
Wl var(3y = [ FE B (35)
28 | - )
A Since
;_'a'.' 2 -1
. MS{/N >> (W )
eﬁ te lower SNR source has poorer accuracy in spectrum level estinmation
qu than the large SNR sourcs. Both estimation errers exhizit dJdegradations
.{: resulting from the multiple source satting, in spite of the fact that the
0 errcrs ars actually uncerrelated.
2 -1
! 4. If both signal to noise ratics exceed the value (W ) , the
Y estination errors of S; and Sj are also statistically uncorrelatad :
I,
"3 TW  (M/N) 2.2 1
b var(8y) = [ 32 LEAE (52 ] ;i=1,2 (86)
‘xr We consicdar now the joint parameter estimation problem. Supposa
[ 2 -1
S MS{/N << (W ) ; 1i=1,2, omputations carried out in Appencdix 6 for
15- the elements of the X matrix are as follcws
)
l.— ‘
"
kS-S kg = T _(usin? o 2w? or o 12 2, 61 pu°
p- - il 2z (1 + Ms7W) - 3 t 25 ° 300(1 + MsS/N)
N3
Ky ) . . .2 2 2 2
. 3BWT_(MSa/N) (MS/M - 2MSy/N)  _ 3 gW [ (MS/N) - 6M“S1S5/N ]
) , S 1 + MS/N 20 T + MS/N
Il
s 687°M>s1 55 /82 (37)
e 5{1 + Ms/N) 2
s
o TH  M2S1S,/N° w? [ 12 .2 11 pw?
o 21 % - e ms/m X1X2 3 113 N Y sgo (T o oms/m
| 4{ -
- }
o 392 [ (us/m) %=, eM%s;5,/02 | - “6M%5155/0° [ 2rus |
. 20 1l + MS/N (1 + MS/N) 1+ MS/N
. 3w _(uso/m 2+ (usyi/ 2 (88)
10 1l + MS/N
2 2 g 2
< I¥W (MS>/N) 2 W 4 _ 12 2 61 pW +
X22 = 5~ T+ ms/m X2 3 t 1 25 Y 300 (T T HE/
2 2 2 ..,2 2
4 3BW” (MSy/N) (MSy/N - 2MSo>/N) _  3sW (MS/N) - 6M“S1S»/N ]
5 (1 + MS/N) 20 1 + MsS/N
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6M25- 5A /2 .
M7S5-5A/2
5( 1 = MS/M 72 t (39)

Cre obtains fcr the elements of J; - X :

}-2

, - _TW (us./m 2 w2 w12 gy w2 { 6 M%s15./N°
oo - 2x 1 + Ms/n "3 "1 L5 s

o
o 12 _ €1/300 . 3/20 (Ms/m 3 )
- = T+ Hs/M) T+ MS/N

2 ,
W .2
R S N R X AR

-

'.‘« . ,.,w 2 \2
&3 [ Xp: ] = 2 M"S1So/M

(&
N
‘J

|

6 _ 11/300
5 1 + MS/N

125, 55/n° o3 tus/m? )
(T + MS/M72 ~ 20 1+ Ws/w |

.8

. THW  (MS./) 2

: - - 12 61/300
o U922 = %221 = 5~ o5 fs/w B

25 1 + Ms/N

s . &fsisom? 3720 s/ ?
ch 5(I + MS/M) 2 1 + MS/Y f

',') At low signal to noise ratiocs, i.e., MS/N << 1, the 1liwer bound on
:,;f" bearing error is given by:
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I mv" wz ~ A 2 - \‘l
Var(a:) 2 { 5=— =% == (Msi/mM)° gw° } (9C)
- 2z Tz 7 =
~ 4
The incremencal exrrcr due to uncertainty concerning signal power levals
is daefined as follcws :
§Var(3:) = Var(a:i/ S1,S9 unknown) _ 1 (91)
-l Var(a;/ S1.Sp kacwn) . 2 -

At large signal to noisa ratios, MS/N >> 1 :

2..2 -1
. TW (MS: /M) w7 .2 25 5 §1S~ =3 an
Va-(al) 2 [ e SN T BW ] x [ I (1 + ——-*-_35‘_ ) ] (e2)
The increnmental error due to unknown power levels is given by:
a2 . (3/12)MS/N
5‘/’».-(31) = l = 55152/35{_ (93)

wnich grows with MS/N.
At low signal to noise ra
[

-

tios the increxzental errors due to un-
kncwn amplitude factors is a constan:t value o apprexinately 5.4 &b, In
thhea large signal to noise ratio case ths errors ars likely to be eve
larger and this suggests that apriori knowlesdge of signal levels might be
usad to advantage in improving overall accuracy.

&

2 -1
Next considar the following. Suppose MS1/N << (8W ) but MSo/N
2 -1
>> (BW ) . Appendix 7 cozmputas the f£ollowing lower bounds. At low
signal to noise ratics £or source 1, i.e., MS1/N << 1 :
Var(ag) 2 | 22 x52 w2 pw? 32 ws,/mw 3L }_l (94)
1 =127 1 75 *°L 2 |
-1
- T™W . 2 .2 2 12 K
from which the increxental bearing errors can ke obtained :
sVar (ay) = %% = §Var(ay) , T (98)
At large signal to noise ratios for source 1 ( MS1/N >> 1) :
-1
- W 2 .22 .2 2 81
v ‘-1
Var{aj) 2 { %é x22 W2 % ﬂWz M25152/N2 } . (98)
The incremental bearing errors are L
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Ta2 effacts ¢f uncercain signal levels producs large persfcrmance
degradazticns, particularly for aj which previcusly exhibited nc incremen-
tal bearing errors resulting fron the prassence of source 1.

Finally we consider the last case :

2 -1 :
MS:/N >> (g% ) ;i =1 and 2.
Trom Azpendix 8:
-1 2
- W 2 2 2, 1/2 W
Var{as) 2 [ = X3 W x RBW
i 7 X4 (%) (5175512 = 1

(100)

emantal bearing error resulting from lack cf knowladge of power

1/2 (S:/S:)% + 2(5:/54)
((Si/sj)< + 1) (Si/53 ~ 1)<

[ 2
(ss/s81) i Si >> 83
2 1/2 )
~ (RBW ) x { .375 i S = S5 (101)
) 2 ; Si << S
\

The above degradation factor increases monotonically with the ratio
S5/S;. It is also proportional to (RgW2)1/2, which is by definition, a
factor exceeding one.

Figure 3 depicts the incremental bearing error due to wunkaown .
signal 1levels for aj as_a function of MS35/N for MS:/N <« (gw2)-1 _(solid
curve) and MS;/N >»> (pw2)—1 (dashed curve). In the lower SNR case for
source i, the incremental error increases monotonically with Msj/N, un-
like the nearly constant behavior of the fractional error for known sig-
nal levels of Figure 2. In the large SNR case for source i the incremen-
tal error decreases as MSj/N increases.
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dentical lowgass spactra of widegh W anéd wich unicty heighcs.
The £following material is contained in reference [7), oo.
wnar2 lcwer bcecunds cn the false alarm and miss prorakzilities i a
nypcthesis tast arz presantad.
Pefina the probabzilicy densicy functions of tha racaived
vacter X under the wWwo hyzotheses
p(:_./:'zl): p(-_/:‘fc)r
the lcg-likelihood :
p(X/%1)
1(X) 2 In —m—n
p(X/Hg)
The likelihocd ratio tast compares 1(X) with a threshold y, whare
Hy
Po(C10 - Coo!
2{(X) 2z 7 ané 7y = 1ln
P1(Co1 - C11)
=
Eo
C.j i,j = 1,2) is the cost of choosing hypothesis Ei 4“3
pothesis E: occurrsd. P; the probability of Lhypothesis Hi occurring.
this problem, the hypotheaeses are chosern to ke equally 1likely and
costs egqual so that y = 0.
The monment-generating functieon of 1(X) on hypothesis Ep is
@
$2,.. sl .
#1/50(s) & £ { &*7/%g = | %% pr/uoiL/Eg) an
Ho i :

Define u(s) as follows :

p(s) & 1n #;/uol(s)
Because 1(X) is a function of X, the above integral can be expressad
@
t;/20(s) = | %% p(x/Eg) &X .
Then
@ ’ s
- /) | Sy as
pi{s) = 1n I [ D (X/Eg) p(X/Hg) ax

-

Upper bounds on the false alarx
are derived

Py, respectively,
value of s for which

e 5

e e

in reference. The bounds depend
The bounds are given by :

on
p(s) = 0.

J'-"(‘ .4‘-_'

x;. SN

(]
Y

ny-
In
the

(102)

and miss probabilities, denoted by Py and

the

Rfeiadl




AN where erfc«( ) 1is the cozplementary e-ror £

2 2 two signals prasant and the cov-
data has the form :

1
-
g Rolux) = NxI + Syleglyzv:’ + Splseyx)zava’

Wyt Under E3, K1 1s also block diagenal but with the for:z

Rilog) = NI + (S1 + Sp)ww .

Oy The steering vector ¥, representing the single source under H; is at this
) point perfectly general. A particular choice of vowill be included at a

TRy later point.

st According to equation (102),

NN

O -

AR

RONDA AP W o, o




e

L

(AN

" )

v,

N

~.

NN

i el 1°
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o s

[ . . . .

da -1 -1 .

k? = 1= [ Tac ~:) |71 cecizg) 1 I exp { =X (sX3 "= (1-s)Xy7) X } éx

(LR \ o ~

=
Y - - =
N - 1n | [Gestze) }S det(sxy tr (1-s)Rg") 7" (105)

N " det (K1) decXg -

g

a Bas2d on calculaticns carried out in Appendix 8 one cktains tle
& £o0llcwing exgrassion for pls). Definz :

2 1 2

™ 12 % & =1 - =7 ju:val
‘ M

o 1, . 2
L 01 = 1 - = |z vl

g 0 vE .

Pl

",

"h'r 1 . s .2

o $02 # 1 - =2 |w ¥

M

.

N X &1 - 25 Re ( (vrwi)(z:‘wa) (za'w) )

3, \ M

s
‘

b3 2 LR M35, 55 /32
) 3 7 T+ Ms/

e WT <
4 p(s) = Z 1a [ 1+ iglz] - 1n [ 1+ R( (s/s2) 801 * (5/S1) %02 )s(i-s)
Y k=1

’

& + REyn s + s2(1-s) R MS/N ( f12 + g,. * to2 -2 X )] (107)

S .* ’

-.. . » . 'y ‘ .

N Equation (107) is ‘a function of the two steering vectors y; and
- ¥2 as well as the third vector yg, which is still perfectly general.
] Nex: let vg represent the steering vactcr of delays for a signal radiated
: at bearing ag :

)

o Sie1 + S2a2

o, ag = .

A S
"F. After sinmple computations carried out in-Appendix 8 one can show that

:ﬁ p(s) takes the forn : ‘

s
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then Fric¢}l b=zczomas
o
Prl{e) = axz ( - 3 Q@ ) x eriz l a )
lcTz that as the argument ¢f tha evpenzntial Zuncticsn érsops balcow  minus
cna, 2ri{eg) will tznd to za2rs., The arrcr probazilizy will alsc tand s
z2ro iI cthe argument o tha complamentary errer functisn exzzads onz. Whan
Q << 1, cone ¢kctains
1 -1/2 2
Prles) = — (1 - = fn -3 <+ .. )
~
“ |
|
whizh 1s nme2arly equal to one half, Undesr these ccndizizns the two sur-
¢2s cannot be distinguished and cne is tharsizrsz cperacting bzlew ths
thrashold which is Z2efined by :
1/2 2 2 2
PTE ] M S-S5/N {Laasin(1)W)
R = | | << 1, (110}
b2cq |} 10+ MS/N
AT the cthar extrame, it is ¢lear that 12 @ >> L ths prokakmilizy
ci error will tend to z2rs. Re2arranging terms in @ and sclving for  Aa,
enz2 oftains the follewing mininmunm angular segaraticn te acheive akbeva
thrashcld cogeration
2 2 2 2 -1/2 2 2 2 2 -1/2
[ M S1S2/M L sizn (a) .5 M 8S:52/% L sin (a) -
Az > 2.25; (TW) | =1 (7W) 2.2¢
- N -
L (2 + us/20) Ag:52 J L (2 = Ms/) ag:;2
(111
IZ (L/Amq:iq) = 10, a = 2/2, TW = 100, and MS1/M = MSa/¥ = .05, resolution
is possible when 8a > .15 radians = 8.6 dagrees. If the signal tc noise
ratiss incresase to .25 each but wizh the remaining paranmeters kept fixed,
the minizuxn rasolvable angle difference I1s 5.75 degrees. i
Detactakbilicy of two scurces £rom a signal £ield containiig tws
clos2ly spaced scurces that ars overlagping beth termporally andéd spectral-
1y 1is relatad to the resolving ability of the array. This saction has
datarmined the necessary parameter ccxnbinaticns that lead to accurate de-
tection. nder such conditions, the two signals ares distinguishable and
g, it is believad tha%t the Cra-er-Rac lower bounds can be reached. When the
- cenditions are not satisfiad (when one is ogperating below the threshold),
- the two scurces ars essentially indistinguishanle. Without apriori know-
- ledg2 0of the correct nuxmber of sources prasant, cne simply cannct hope tco
reazh the Cramer-Rac lower bounds.
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Appendix 1

Derivaticn of eqgua (15)

le)
}2
O
o ]
7]
L
i
w
—
|

The elements of the Fisher Information Matrix can be computed
fron the following expression

W
r =, r 3
o m_ | B -1, % _ 3 -1, @K
Jij Tr | 357 (X ) 35$ b= j{: Tr | 357 (%k ) 35~ ¢t
S - J v > - J -
k=1
-
Ry and Ry * are given by
Rg = NpI + Syviva’ + Spvovp’
-1 r 2 5 a I
Rx 7 = i, { T - 6k [ Piyavi' + Pavowp - P1Pp( wiv: vovp' +
b S

vous'viwa’

Sincs v; is a function of a3 and ¥vp is a function ¢f ap, let

1]
~—
—
g 4

R: 2 2 (vivs ) so that
- dal -
d -1, _ _1 7 1 _ . .
TR IR ol | P1 R1 - P1Pa( Ry wovp© 4+ ¥ovp Rl)l *
%%k [ ¥1y: P o+ ¥oup Py - P1P2 (¥iviTwowp T 4 wovpTvamy )] }
Then
3Gx  _ 1 3 tea12 } = o
3a; = Ok | PiPager (m } = 6k P1®am
and
32 (Re 1) = - —%K {PlRl - PaP1(R1¥2¥2" # ¥2¥2'R1) - GkP1Pon1 x
1 k
= 1
(vav1*P1 + vowa'P2 - P1Pa(vivyfvava® + wavo'vivi M)}
: 4
With g—f% = S7(eg) Ry, it follows that
3 -1 3K [ 2 .
-Tr(aalKk aa§ ) = Spleg)/N(eg)Tr t (PlRl - P1P2(R1¥o¥2 Ry +

vav2'R1?) - P1P2GKn1 [ Pyvivi'Ry + Povovp'Ry - P1Palvyvi’yowp® +

e

vav2'tvivi MRy ] }




K 70t

o 7 3

A A

« a l'l‘d
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g

t)

With the identicies
T= (1) = z{ (21 v1) ( %%ifgﬁi ) - (ya g )(§%§f11> }
Tr (Ryvavs 'Ry + wava'Ri?) = 2 {( g—%{!z ) [ (22*21)(%{!2) +
(zg‘%%i ) (yitwy) 1+ (_1‘32)[<zz‘zl)(%%§‘%%§) +
(22350 (9113207}
Tr (v1vi R1) = 0
Tr (vawa ' R+) = 9 (vatvivs Tua) = ns
—ee T das Te ———i =< +
Tr (v1v:'vaup®Ry + ¥ovp'wivi*Ry) = Tr (g-(gave’vayg‘vawa ™))
= (y2'v1)as
Wicth the use of the above expressions, one can show that :

2 -1 3K 5 2
T C3nTt 3 = 6 (s Ge) /N Gag)) { P13y - Payy + P1Pa2ng
(1 - Pq) }
where 21 = (yptwy) (3L173¥1) _ (y, 391, (3917,

day dajq day’ day —

L N
oA o S SO S

»

i




B e aa b aad BT a2 o n Aok ol b aad 2of oo Balb Sab 8ok S b Aol ok Sok Rol dall el Aok ksl BalbAek.) ek Ball S b o v-v—rqu:--zj

3
.
¥
2 a‘Iv
3 l vy Tvw ‘iz -
dayday <1 = a1 T a1
vy 2
y1 = 2 Tr ( wav2'R1)
J11 then beccnes :
W
Ji11 = z G { S1{oyg) /N{wg) Py { 21 - Pays 1, + Pl2 922 kal]_2 } (A3)
k=1 ° \ J

Using analcogous computations for element Ji)

- r
-1r ( &x, 7t 3 ) oGSy (eg) /M (eR)) Trd [ PiRiR2 - P1Pal
.
Rivova 'Ry + vovp'RiRy ] - GxP1Pany 1 [- Pivivy'Ro

. . Al
- Povpvp 'Ry + P1Pplyivityovs Ro + waovy'vivy'Ri)l }

Inssrting the identities
a2
r (R = v
Tr (R1R2) 3a13a2 fv1 v
. R . 32 ,
Tr (Rp¥o¥a Rz + ¥a¥o RiR2) = (¥27¥2) i35y I Ea i
Y a &
Tr (¥1¥;-R2) = oTr (wivp-wowd) =0 & F=ix1 v2 |
AT T L e L e e T e T ol BURTACNERRATIINE RS AR AN
.\‘-l‘:’: 5-; lu.\ e W AT 14;.:“};-“- ol ':".: N X _A__‘; N . z._l't::f:;‘ ': J%J '.P.;" ., ‘Bl ‘l‘:‘n’f}.—'}f_ﬁ.f Af\l' S




v TR T el mvr—v—“,'-'wﬁi—f—m'v'v'mwWmlﬁww‘mm“‘vv‘vw

-
Tr (¥a¥2 R3) = 0
Tr ( vivg®vora®Ra ¢ wows'wavi'Ra ) = g— (zivsvovatusva®)
= (¥2'v2)a2
it then follows that:
2
R -1 3Rg , _ [ 3 o on
Tr ( aalK 3as ) = Gg(Sa(ey) /M{eg)) 4\ Oalaaziz*'zzi
2 3
(1 - P3) P71 + GgP1“Poy (1 - Palniaz J (A4)

J22 1s identical to element Jq7 with the exchange of subscripts (1)
with (2) in (a4)

TW
r 3 2 2 ~
Ja2 = Z Sk | P252<wk)/N(wk){ 22 = Piy2 f + P17 P2%Gka2® } (A5)
k= 1 ’
Equations (A3) - (A5) are equations (13) - (15).
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Appendix 2

Derivation of equations (25) - (27)

According to eguation (16):

ni = Zai w1 tupi?
Wich ‘
N i
[glf32‘2= j{: cos{wrd(i - 3j) (cos{ai)-cos(ajy))/c) (A2.1)
i,j = -N
it follows that
N .
021 121*2212= }Z: “kd(i = J) sin(ag)sin{exd(i -3) {cos(ay)-cos(az))/c)
i,j = -N
(A2.2)
Introducing the notaticn Aa = (a1 = a3), a = (a1 + @2)/2, alcng with

the assumption that the argument of (A2.1l) variss negligibly cver the
the 1 and j sums one obtains:

o 4
> lyitea? ZE:((mkd(i - 517y 2 Lerd@ 2 3070) 0255020,y + L L )

w

day 3!
Aasin(al)sin(ay) (A2.2a)
With
N
(i - 3 )2 — 4MN(N + lé(ZN + 1)
i,j = -N ’
For large M, N = M/2 and
N
4
§:<i -2
i,j = -N

Truncating the series of (A2.2a) after a single term:

2.2, _. :
l11f!2!2 s M L Aa512(a)51n(ql) uk2 e (A2.3)

daq




-.4-.:..
it
)
v - The exprassicn for yi is given by egquation (18):
t!".l
) _- 3 . . . H
* g1 = 277 { (g rlmiwi)) (Eawa ) (g (zaiwa ™))}
129 ~ -~ - ]
K » e d - » . e
.1:;\ = 2 { (v’v. ".‘,4») (.aél V’\) (‘]"fa_ll) + ("," “f"\) (t,‘,aa_},_j-) (V‘. -i-(_—l.)
b e M PRI R == =<l 1= 3ay’ - 3ay
. : ' . t )
« (Q"_Q)(:—%i- 13)(:—%% vi) + |v1tvsl? %%Jf g—%%) t (A2.4)
-". H
o ;
gy For far f£ield scurces, vi*vas = va'vi. Also %%i vi = - gl‘%%%
...a'ta
Hence the middle two terms of equation (A2.4) are identically zero.
n Carrying out a £=2w steps c¢f algebra the remaining terms become :
-":: N - > 2
e _ 2 d%sia“(an) 2 .. 1 (da sina d wy)
N 91—22—_% co — (17+i3) (1 - 57 T "
o i,3,1 = -u
* » 2
" (l - J) + A )
J‘\‘J'
Y w20 2025502 (an) -
iﬁ = 9k SCE-. e + 0(pa)” (A2.5)
2 Finally -
o z- = - 2 lyytvs T2
™ - dajdas - == -
-P\.('. - dl = (Xl
>
'y
JD
i}
J
2 [ dvy Tav v dvy "’ 1
»” + ! + '
& = 2 (e e (gL 2R - e et v
W . 4
bV,
RO
X N
— o 2d %in faq) 2 .. 4AMNN + 1)(2N + 1) .2 . 2
A = 2 —k——c—z— (i°-13) = T CEE d"sin” (a1)
N . <
D BAT -
?.r:'.
{"w
Yyeh
Tl
:jq For large M we have
W
:f} M%L2sin2 (4q) 2 '
> a
. 31 = §c2 1 ok . ) (AZ.G)'
Vi
Y4 rd
Ay N 7
[ 2 2,2 . . -
A 3 s 2_ ox"d®sin(ailsin(aj) . ) 2 1
o 3agoay L ¥2ls o2 -390 - 37 ¢
x . .
Y i1, = -N
"8 L0l
o
',."':"'.' T T T U T T L L S S N S R R T TR P P \\‘ -~ A Tl L TN P SRR R
.u’x_-‘:"_ P S A P - L w a __ .g LA y n \.\..___., ! ! A LIPS




XX

‘I
&4 By

A

k]
. . 2.2 2
(dasin(a) (i - j))"d%ey )) ..
c
2,2 . P 2 2
= ML sin(a1)sin(ap) ey (1 + 82%g + . L (A2.6)
6c< 5
- If one exchanges the index 1 with the index 2

in equations (A2.3) - (A2.6), expressions for 25, Y2 and na can be
obtained. Substituting the wvariables

Xy = ¢ L25125<a1))1/2 xp = Lzsinzégz))1/2 ot =1 izl
into the above results and with the dafinition
Hy ¢ [ 1 + MS/N + M251S,/N% § 17+
substitution yields (23} - (27) :
WT
J11 = Z Hk(MSl/N)ZXlZwkz [ 1+ pmkzﬁk(}i52/N)2 ] (A2.5)
k=1
WT
Ji2 = ZHk MZSJ_Sz/NzXleokz [ 1 - 6/5#@}(2‘ ﬂwszkf'Izslsz/Nz ] (A2.6)
k=1
TW
Jag = Z Hk(M52/N)2X22uk2 [ 1+ pwkzﬁk(M52/N)2 ] (A2.8)
k=1 -
WO | RSN '..,-,:.1-,;:,:.—_::.:.’,;4.:/\:.':.\".fz:-'.'_'_q:-‘.'_-'.:'.;‘ e S W e o RN EIR
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S Appendix 3
)
‘Q"‘
% Derivaticn of equations (39) - (41)
“
A
;w‘ Elements of the Fisher matrix expressed in terms of iategral
s I1, I and I3 are given by equatioms (33) - (35) :
”,
>
"'.. ld 2 )
"N J11 = ( 1S1/N) { I1 + B(MS2/N)"Ia |} (A3.1)
7 : ’
) _ 2 2 ) - 2 20 ) R
J12 = X1X2M“S1So/N { I; - (6/5)8I5 - FM“S1S,/N°I3 } (A3.2)
fi
P Id a
::3 Ja2 = x22(.~132/:1)2 { I1 + 5(}151/::)213 } (A3.3)
200 . v
ko
.: By direct integration
-0 W
\ I+ = 'I_'__I azdw
1 27 {1 + MS/N + M<5155/N% § )
o 0
.
b 2 2
k. <.
o4 s g¥
f- With § = — (1 - + . . . ), terminating the Taylor series after
) 2 5
’3 a single term will not materially affect the value of the integral, |
o since the denominator of the integrand is dominated by the term 1 +
v MS/N. An approximation for I; is as follows : |
l.-? ‘
\
P W
o T, 3 '_I‘___[ 02da .
2 1° 2 T + MS/N + M2515,/N<(pW2/2) )
o : 0 :
K 1/2
Changing variables: x & R one obtains the simpler 1nteg*al
;:2 wxl/2 )
.,-: - T— 1 R-3/2 J X dx
Vol 2z 1 + MS/N (1 + x2)
N 0
rk - Iv 1 1 1 - (WR1/2)-1 taﬁ_l(WRl/?
.tu 2‘ 1 + MS/N R ’//'/
"f'"
K
@
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2
For RW <K< 1
1/2 3 1/2 5
-1 . .
ta= ‘(WRI/¥ - le/Z _ _iiij__l_ . (JR_ ) .
One ther obtains for Iy
2

. TW 1 W 3 .2

Iy ¢ 23 1 + MS/N 3 (1 5 RW™ + . . L) (A3.4)

After similar calculations for I and Ij

2
T 1 W 2, -1 2, =172 _ -1
= 5= -3 -G n
12 = 37 T3 ws/w 55 (1 = 3GITR) T0 1 - (WTR)) tan
wzl/2))
2 2
= " 1 W _ W°R X
=2z TE¥ws/w s (o ) (33.5)
4
T 1 W 10 2

I3= 57 mTrmme 5 (1 - R o+ L) (ale)

Substituting (A3.4) - (A3.6) into (A3.1) - (A3.3) one obtains

2 .2
_TW (MS1 /N) W 3.2 255 _
11 = 37 TeMs/aw 3 (15 Rl g 1))
2 2 .2 )
_ TH  M%siso/Nf W 6 2 9 .2
12 = 37 T us/y - 3 (175 AW 5~ R )

N

50, o TH _msy/m?
22 2 1 + MS/N 3

|

which are equations (39) - (41).
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Appendix 4
Derivaticn of equatizns (48) - (20)
The element of the F.I.M can be expressed in terms of
iategrals I;,I5 and I3, defined in equations (30) - (32) :
W
2
T w d&) -
I- = o I Y-S X2 (As.1)
- ol 1l + L.S/.ﬂ + M"S]_SQ/.'- §
0
. ﬁwz 52w4
wWith § = — - + . . . , substituring th2 definicion £cr R ¢
2 10
2 .2
z 3 M7S:So/NT /2
* 1 + MsS/t
. . - 1/2
and changing varliables : X = wR , Write
T 1 -3/2 x2a: ch A
Iy 3 == z [ i (A4.2)
- 1 1 + MS/XN 1l + x« - BR7T=x%/5 + . .
Q
1/2
For WR (< 1, terminating the ¢ series after a single term affects
the integral wvalue only marginally since the deno:ina:gr of the
intagrand is deminated by the ceastant term, 1. When WRL/Z2 >> 1, the
situation is potentially different because the integration is carried
over a region in which powers of x contribute significantly to the

denominator of the integrand.

The integrand of (A4.2) is strictly positive and monotonic;
since the integral is taken over the positive line segment ( 0,WrR1/2
) the integral is also strictly increasing. Let g(8a) a § :

(M-1)/2
glea) = 1 - |uztual®/? = 1 - 3 cos (g (i - 3)dAasin(a)/c)
A Taylor series for g as function of A« is given by :

2
glaa) = g(0) + 8a g (0) + Ba g "(0) /2! + . . .

Because the Aa - dependent part of g is a sum of trigonometric funct-
ions it is straightforward to demonstrate that the following proper-
ties of the infinite series hold: The odd ordered derivatives of ¢
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2 2 ! 4
g3 ' W R . B3 R/S
.1 P18 ‘ .2
L0212 ! .02
.1 | 1co .2
3 +
| ;
;
.1 ¢ 1¢¢ ; 2
[} ¢
|
2 2 2 2
If x = z/2 and L/\-ay = 12, then W = &z (100)(2x1) /& so that 1f W
=_2 ly = 7da~
BRI 23
2 4
Unless W R approachas 102, the product B4 R/S will ke smaller
- -~ - N
~an c¢cne In order for W=R tc ke as large as 1CQC, the ignal to
S~ - A o omm N 3 . "Q T - -
ncis2 ractics must be as large as 3C &t if gW- is to ke smaller tnan
~ bl - . - ,‘ -
crne t2nth. BRBased on these consideraticons we will assume that  fWIR/S
<< 1. Undar these conditions the upper beund c¢n the i1ntegral
Eezores

The lower bound is given by :

1/2
WR 2

x“éx _ 1/2 4 1/2 -1 /2
[ 1 + x< +ﬂW“ﬁ = WR - (1 + W R/S ) tan ( %R }
0

Xy )

P

- I

Oy !
L4

Substituting the above results into (A4.3) one obtains for the upper !
bound on Ij : o

IS
"._“

o

max T 1 21 { 1

_ 1/2,-1,, _ .4 1/2,_.-1,.,.1/2
I = 5 T WEN (WR ) 7 (1 W'RS/S) tan ~(WR )}

. TW 1 -1 _ ulol/2,-1 4 1/2,_ -1,..1/2,]"
I 3 T v HS/N R { 1 (WR ) T(1 + WRB/S) ;an (WR )}

-

1/2 -

For WR > 1
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A
A
“ =
Y
ol
N
~
Y
L}
\] I
- - - /-~ -~ -
- cemr/ 2 T wonl -2
N tan T wrEY) = 1o wrtE) s
et 5
‘.'.,
o 3
T and WR3/2 << 1
) 4 1/2 wizp _ wir2g°
(1 =+ W'RS/S ‘= : + .
‘a 8/S ) s ¥ Yo -
s
-.* c % <
= sc thacs
.'\; ™ 1 - /2
" max T 1 -2 1/2,-2 «n 2 1
¢ I- T - R 1 - (WR X = + Y + .
v 1 I3 1+ M3/ br- ) 3 (97 )
N4 3.1/2 -
..- v - - 5 -y & N
N T BT (G }
~ 13 ) e ot
. - 5 - P
S
v "y
- . Tio W 1 -2 ] . L1/2. -1 a 2, -1
; 4.‘- z 2—-" 3 Y :':S,’:‘Y R { - = (h? ) x ’2“ + (N R) +
.r:'.r ;
oS- -
-.'_- v .3 1/2 Y
e Bv . W R B o }
N ps) 1C 2 T
}n 4
A Th= differgnge _between the upper and lower bound hras order
N smallar than (Wz-/<)-1, The Fisher matrix will be shcwn to be
g : . el /24 =1
fb‘ rnonsingular to order (WRi/2)-1 and therefors the upper and lower |
Q; Ecunds will vield identical results. Therefcre we write |
e !
1
B !
o - : ) :
N I, : 4 TS R R Sidt BT (A4.3)
e 2z 1 + MS/u 4 2
:'J':'
."l‘ . -
s Cne can obtalin analogous upper and lower bounds for I, and I3 :

max TW 1 1 -1 2_.-1

T - - - *
=2 33 1+ M5/4 - R 7 01 =3 (WR) T o+ i
. 39l )
)

R
Y min W 1 1 -1 2, -1

T = +7 = - -
e 1277 23y T ms/w 3 RO 3R)
48
LYW

- _3gw?
"l 5

. max _ TW 1 -2 _
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e nd fab ad-2oh Aol Ao ST Aadl Bk Aol Rl

/N
+ 335W3R1/;
4qC
min _ TW 1 -2 ..1/2, -1
I3 = 37 (T 7 HS/= R “(1 - 32/4(WR ) -
315W3R1/$
40
The upper and lowar bounds for I, and I3 differ by O(ﬁwz) ané hence
he upper and lower bounds nearly equivalent rasulcs.
. TW 1 -11
122 57 Tvws/m O3 (ad.4)
. TH 1 =2 _ ) 1/2,-1 -
Iy = 57 I T HS/NT2 R (1 3x/4 (WR ) ) (A4.5)
2 -1/2
¥y = (WR) Substituting eqguations (A4.3) - {(A4.5) into (33) -
(32} one obtains
2
- _ TV 2 (MSa/N) -1 25> 31
Ji1 = o X1 1T+ 1S % R (1 + —ET_ ya/2 (1 + —752))
(A4.6)
2 2
_ _TW M°S1S5/N -1, ., _ \ 1
J21 = - 3 XX2 teEew R0 ooy As.7)
2
_TW 2 (MSo/N) -1 2S1 _ 355
J22 = 3 X2 T+ HS/H R (1 + 55 yr/2(1 + 251 ))
(A4.8)
Dreopping the O(y) terms in (A4.6) - (A4.8) yields equations (48) -

(50).
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:;‘: Appendix 5
; Derivaticn of equations (53) - (71)
-

:i In this appendix, the elements of matrices Jp and J3 are
o corputed wusing the fcllowing expressions for arbitrary elements of
Yol the Fisher Information Matrix :
108 WT
. - m. | =1 a8 _-1 3K ) _ ,{ -1 3Ry . -1 3Ry |
p2x Jig =TT R T 5r R ger b T ZT‘\KK 36: “x gy !
bs k=1
b, WT
r 3
3 1, aX
= - r hg AS.1

- Z = S s h §Ex ) (A5.1)
n.'.:. k = l

s

N -1
o0 Frem section 2, Ky and Ry are given by
A

«

> . -

T K = Hx I + Siviv: + Spvovp

i

- - r Y > -
::.' Ry T = }1—,; [ I - Gy t Pizavy + Payova' - P1Ppl ywiuw: vowa +
e s " A i
vo¥p vivi ) |} ] |
..... J {‘
%ﬁ where

'__- -
Y MS+/N MS,/N [ Loe 12 ] -

= —_—— - = d : G = - ¥4 VAl .

D) P1 % T3 wsym ' P2 T TR Hso/W k 1 - PiP2l¥r val

.'_:.: .

: . - -1 2

o Calculation of Tr { Rk : 25& Ry : —5$ } :

e 3 i 4 OCJ

R We have

. Rk = yivst -
E: 354 ¥ivi ;

.:‘-:. d . 3 + 2 _ . . -

3 also let 23 ( vjv3' ) & Rj and a5 |v17v2]|® = 23. Then with
e %;% = sz PiPj nj, it follows that
S ]
L -
o 3K = Gk 5. - Pi(Rsvsvs! cvitRE) - P N
4-\ EEIJ_L = - _NJ]: P { Rj Pj (Ryjwjvi' + ¥i¥i 'Rj) PlﬂJGk( vivi 'Pj +
\'_‘s .

o vivit Ps = PiPalvivstusvs® + v.v.fv.v.f))}_

Li¥j Fj iFj1¥i¥i ¥3¥5 323 2ivi M

}? Then for i « j
b .

N
o0
\f

A
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\'_
:::::' -~
LA <
et
-t 1
L . - - T r
N A, dXv G ?5 -
L. - T =X =) = ZK23 o { w:9:i Rs (1 = 2MP3) = P373Gy ( MPiwivs
- 3S:i dai Ve J -~ =13 =
.‘{ ~ - P 4 ~ <
X > + IS
. o . vy .. . - - o] - N v vy [ S I
MER B PARARINEN'S ?;-3( 20vr valTriws )} (AS.2)
' 4
\
q
-
L] - H
- It can Pe shown that g3 = Triw:iw: Rj). One can then obdtain for equa-
(e ticn (AS.2)
‘v.\-
4,
l
e _ Gr?®5 2 Lo 2
0- = ———ﬁ;’ 75 (1 - 2425 - GyPy (M%2; + Pyiwa’val® - 29:25Miz:vai?)
'O
~ . . :
¢$ Substituting the deliniticns for Pj, Py, § and Hy
T
‘ w2 *yol?

.n‘
Y

-1
. L G _ . 2 2. 1 . g T2
Br S (TE WS MI(I FEsg/N T T | DT MS/M o+ MUSiSp/TE |os Ey

f2w sters ¢

=y
1 ).i' A
»tas

3

v
h
ct
M
LA
1]
th

algebra
- -1 2

=

s 2

- 2
A8 _ e 9%, 93Xy - _M"ss/n n ) _ -
" Tr | 35: dai ‘} .z W ( + MS:/N § ) (AS.3)

ROg
L

a

Tor 352

N .

o " 8Ky 8%y T\ G P '

NN - Tr | =5 =2 ) = Tz 7sva R3 Py (w<ws'Rawzwvs:  +

3 {33293 - OGBS oo [ yprtag - e Gz tRavens

D

J Y3¥3 vivi R3) + PinjGx (MPijvyws'viv:® + MPjvjvy’ -

S

< PiPivive  (vivs twsvs® + vavslvivst) | (a5 4)

" iFjEs;ys V¥i¥i'¥3¥j vi¥jrvivi') } \AS.

re

7 Since

\(a"

P f s + + +

e Tr t ¥3i¥j'Rj } = 0 and Tr { vivs (Ryyjw: ™ + Zi!i‘Rj)} =M a3

o, ’

e -

A (AS.4) beconmes

) ’

o GyP 4 f .2 2 20
——%;l nj3 { -MPj + PjGr(MPjlviiwa|® + M®P3 - 2MP3Pj{w1 va|") J

-f’ so that

(-4
o

\

3 3
O axk -1 - M~S4155/N
‘OO -Tr { 55 3as ( R ) } = - -__%E%___ (1 + MS;/N ¢ ) nj- (A5.5)

. 3Ky 3 =11 .
Calculation of Tr { as; 3_3(K‘ Yb o

A )

g
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» ’u F. Pd
el LSS
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-yt A
e ~I\f&-.‘ \.n"qf T
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P45 _ 1 , 3Gy _ 3Gy 3P4 _ Gr“liws val“Ps
S5 {1 + MSj/N)Jgr' 355 dP§ 23S (1 + MS3/N)~-
o Gy /Ny L 5. e 2 e Fnl 2 a2
= T mewsa s | ¥3ZiT( ¢ PyRiGx f¥1 ¥alT ) ¢ wiwiTPiTiviTvaiTey
ES Fs - - . " 2 3
“Pi(wive vsvst £ vivsovivio) (1 + GyPiPjiuivaiT) |}
Wizh 1 + P:PiGuivae = 2 G: (A5.6) beccres
nita L+t PyPi0giva ¥2 = Cx, . LeCcTes
2 ,
- Gy /3¢ it s i R B S R S S
T (1T ¥ MsI/ 2 { Yij¥; * ¥ivioPi o l¥:i¥2, Pi(eiv: wivs
vivs vivi) o}
Te foll nae Te { 2Bk 2z 71y ) L (1/M)°% . 2 (15.7)
T Lcllows that Tr: ta——; 353 Xk J} = -—T’-:z_ v vol .
and
oo [ 8% 3 =10) /M2y wsism s )2 (35.8)
&7 {\ 6_5‘5 ‘as—j'(:\k ),} = _1—‘17:“_ ( NEERA ¢ Ab.

Equations (65) - (72) can be cobrained from equations (AS.3), (AS5.5),
(A5.7) and (A5.8).
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ne elements of Jp and J3 can be expressed iz terms of
I3 - Is as indicate§ earlier. The integrands are functions
inive series § = fu2/2 (1 - Bw2/5 + . . . ) :

W
- T j wzdm o
(1 + MS/N + M<SySp/N< § )<
gproximation to & is as follows :

WR1/2 ,
_ T 1 -3/2 f x“dx
s R

¥ X2 + R Lgx=/5

[ o

0

The ratio of first to second terms in the searies at any value of x =
wr1/2 / is :
5x 2, -1

— =5 (f07)

R TBXx
According to the definition of closely spacad sources, the anove
ratio is guaranteed to be a large number, provicded the ngular
spacing ( appearing in the function f ) is sufiiciently small. it
will be assuned to be the case that gW2 is much smaller than one soO
that a first order approximation £feor § will yield a useful
approximation. One can then work with the following simpler
integral:
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1/2
WR s
I = Z_ 1 R‘3/2 I x“3dx
0]
After direct integration
2
_ W W 2y -1 _ 1 2 _1/2!
ECE (1 +®s/n 2 (2RT) { T wez T (WR)
tan™* (W Y3 }
™ 1 1 2. -1/2
: = x
=5 21 2 {1 + MS/N )< { 1 + Wer + (W°R )
can”t W Y|
J
From Appendix 4
=¥ L -2 3 2, =1/2
13 = 2 1+ 45/ 72 X {Ll-z—(wk) x
-1,...1/2 1 1
tan T(WRTTT) 4+ = T en }
2
For RW << 1 one obtains the Taylor expansions :
. Tw wd 10 .2
I3 2 3 5( 1 + MS/N )2 (1- = W + .. ) }36-1)
. T W2 6 2
Ta = 3 37 1 + MS/N ) # (1 - g WR + . ) (A6.2)
: ¥ 1 _ 2 .2 3 .42 _
Is = 3% T Ms/N 2 (1 3 WR + g WR L)
(A6.3)
Substituting : o

(A6.1) - (A6.3) into (65) - (71)
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Jea = - TH M‘5153/N2 W
37 737 (T FMs/NIS 3~ <1 8 N

. 2

~a 2xzslsz/u ] _ 64
. T + MS/N

Y

. _ TW MS:/N (1 + MS4/N ) W 1/2 M 7 6 .2
T4 % 3w (1 + HS/N )< 37 %16 rl a¥

‘. ‘l “
;":’t't'_ FAOAD

3pw2 M“S1S5/M )
g5 1 f

A

Saieies

TW MSo/il (1 + MSo/N ) W 1/2 M { 1 6 gl -
2r (1 + Ms/N )« 3

L3
e )
<y
[ 8}
™)
'

“ 20
“

2
32 M2SqS4/N }
5 1+ HS/N |

o

-'-‘l

(A5.6)

."'/

W, 2 2 2 2
,:f TW M™S1S55/M W 1/2 M K¥.2% [ _—
3 27 {1 + MS/N )< 3~ X2 B -~ {1 + 5 MSq /N

&

2 2425155 /3° ] 6 BW }

- I + MsS/N

»a (A6.7)

~

o gur o TH ( M/N )2 . . B Msp/N (1 +Msy/N)
33 T 237 (1 + MS/N )< 3 1 + MS/N

(MS5/N) 2 (pW2) (1 + MS,/N) (1 + MSo/N - 2MS;/N)
- 20 (1 + MS/N)<

. 2
o s, o TH ( M/N )2 L - B, amPsgsom?
. . 34 7 (1 + MS/N )< 6 1 + MS/N .

) w2y 2 2 2,2 2 2
3 (8w % 2, 3MTsasp/uT) T 2M7S3Sp/NT pooe9

- 20 5 (1 + MS/N )< 1 + MS/N

i ™ ( M/N )2 , 4 B MSI/N (1 + MSy/N ) .
o Jag = 3 {1 + M5/N )2 3 T + MS/N

Y P
o)

b 2 (pw?)? (1 + MS1/N)( 1 + MSj/N - 2MSo/N ) ) ) } (A6.10)
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N
o (MS1/N) 25 ( T 1T + MS/N 72
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Computing the determinant c¢f Jj
2 4 . 2 2,2
N TH ( M/ ) gW , 61(8W7)
Aae ! B - 1 -
cetidy) = { 27 } (T Fms/ms 1 T3 (1 o+msan) 300
) ) 5
RNV (45/M) % (1 + M5/ %+ 212s.54/m%(2 - ous/w - 3(:45/::)2]
<0 L (1 + MS/N) <
(Ag§.11)
Calculation of X711
J. .214, -~ 2J13J14J + J 25
Xeq = V13 v 44 13v14v 34 14 Y33
-= dat(J3)
2 -1
W2 consider the case in which MS:/N << (g9 ) ; i = 1,2
AZter a fsw steps of algsbra, cne can shew that
2 2 2 2,2 4 .
- 2’.. . TW M S MTSasH/NT ) 2 W 3 el
“13““‘[21} [T} (T +Ms/wys Y1 85— {1 + 5 g
2 gl )
[ MSa /% - 2M7S1Sp/N°) ] J 12 g2, BHT (MSH/M ) (1 + MS:/N ) }
- 1 + Ms/W 25 3 1 + Ms/u !
- 2 2 2 2 *
2C1 101 4T2e = — [ TW ] [M ] 2 ((MS1/N )" MSo/2 (1 + MS1/1 ) .
«vi3vidvia 271 | N (1 + MS/ )o© -
4 - 2 2
2 W 3 2 _ 4M"s1s5/N ] _ 12 02
X108 5= {1+ g AW [Msz/n 1+ MS/N A
g3 [1+2 M3s1S,/N°2 ]
6 1 + MS/N
3 4 2 , 2 4 -
2 _ W M ( MS3/N ) (1 + MS:/N ) 2 . W
J14.J33'[i—n] [ﬁ] {1+ MS/N)® 10 hg— -
, 2 wl a2 2
7 - 12 ﬁw2 + B¥ MSo/N (1 + MSo/N ) _ 6pW M7"S4S4/N
t 25 3 1 + MS/N 5 1 + MS/N J

After considerable algebra one can show that
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AN e "
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o 4y

o ol

S e

n

3 4 2
2 Ty 0 Ta s 3 2 . [ TW ( M/ ) 2. W
J13 J44 - 2013714934 * J147733 [ >3 ] 1+ Ms/m s *L B g
2
2 [, _ 12 .2 IWS ( MSA/N ) (MSA/N = 2MSs/N)
(Hs/ma" {1 - 355807+ = (1 * M5/8 ) !
sc that
2 2 . 2
_ TH { MS1/N ) 2 W 12 .2 61 BW
X112 5% Taiwwmsawy X 3 1173 8t 355 11 wEs/)
3502 C Y e . . 2
. 3BWS ((MS5/N ) (MSo/N - 2MS1/N)_ 384 [ (MS/N) ]
S (1 + MsS/N ) 20 1 + Ms/u
~
_ 3pwtu®sisy/m’ )

I0(1 + MS/N) < (3MS/NMN - 1)}

(As.12)

Entirely analogous ccmputations can bes carried cut to determine Xjg
nd X22. The results are given by

this
T M2Sys,/N% WP ] 12 .2 11 pw°
= T 1S2/3 We _ 12 -
X12 = X%2 1 oRiw — 3 {2725 8 3o T v WS/
3 W2 [ s/ 2, au®syso/mP(3ms/n -1) ]
20 1 + MS/N {1 + MS/N)<
. 3 w2 (MS,/M) 2 + (Msl/m2 1
10 T + NS/N !
2 2 : 2
_TW . 2 ((MSa/N) W 12 .2 61 AW .
X22 = v %2 TIFHWsS/ANT 3 { 1= 35 * 350 (1T F s/
L 3% (Msy/M )21+ Msy/N ) 3w [ (Ms /M) 2
5 (1 + MS/N )< 20 1 + MS/N
2m3s 2
. So/N(3MS/N -1) ] |
A L R R S R N P ~ : .................. , AR




""vvrv‘—r"’r“v*vv-'v‘*v-rr“v"-w‘

2
.1 -
l'
o)
1 L]
\": Appendix 7
Y
)
- Derivatizcn ¢f eguaticns (%4), (9%), (97), (93)
3N
:',-:: In this aprendix the fcrm cf the matrix X is compuzzd for the
::.: case
"\
1 2 -1 2 -1 2
poe MSq/M << (W ) - and M5/ >> (W ) so that RgW << 1.
.".-
"ﬂ.‘
.
::': Accerding to the above, MSo/N >> 1 and Sp >> S3. Basad on the res-
G ults ¢f Appendix 5, the following expressions are aprproximations for
v elements of the Jp and J3 matrices undsr the specified conditicns.
-
:_-_rr. 2 372
I TW W oM 33 S+ 10 .2, -1
- Ji3y = - X1 —— = MSq/N TE- 2L+ 2o (MSo/NBY
e 13 ;X1 —3— p MS1/M 35— (1 -2 5t T3 (MSo/HBWT) +
-l',f; . 4 (u /I\')-l
0’:’ 3 MSo/N )
A
4 M35 /N% (1 + MS. /D L 1/2 2 5 3 2
S THA M 1/ 1+ MSAa /0 W 2 <
Si4 % 5 n — (1 - =& BW° - T MS1/2 p¥
14 % 33 (M5 /M) 2 A X1—3— (1 - 55 F° - g MS1/0 AR )
-\‘l
T M w© 1/2 5 2 3 2
v 2
s . T M - W 1/2 3 el sy e 6 2
ﬁ J“_; H 3 Sf 52 3(“ ‘3— ﬂ ( 1 - o) L.Sl/.f ﬁv’ - 5—5— ﬁvq )
‘\
S’ 3 T M2 (gw)? 20 2, -1
2 e— == + Ae ! we
v 33 37 o 55 (1 ( MS,/N gW° ) )
"
Ii-\4 Jyg = ¥ rﬁ (MS5/3) ~2 z J
.r_: 34 * 27 Ne 2270 = Y44
e
IR
ouf
N It follows from the above that detJy 3 J33J744, Wwith J33 >> J44
A when
N -
-w_ 4 .
N 2, -1 2, -1
Y MSo /M »> — B¥) s W) 7
27> (20) <7< = 3.5
o 2
- We assume that the abcve statement holds, that MSy/lgW nmay be arbit-
- rarily largs. From section 3 :
v 2 2
J13 Jgs — 271371473¢ * J14 I33
e X11 = .
N detJ;
e
i
®
T
2%

N TR T At il e e s R A A e e T AT T A s e T
v » ?".J‘u '.'-’\n ) ‘-”’: ST T ‘-\. ""-*’ ’ ';“,".{'.r.' X ale T Ll o N A A T T e PP )
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Based cn the earliar ccmmants, cne ct-tains the simplified expression
J12 2913914 °1d
z - +
333 J33 J44
Insercting the above approximations yields the folleowing resulc.
2 2
S TH ve. a2 3BW W 2,, _ , S .10 a2y -1 4 iy -1
: = (MSy/N) 5 — X (1 4 > + 3= (MS2/NEWT) g (MSp/N) .
+ .. 0)
Fer X100 ¢
.(4; - 9113°24923. = J14J347223 = J3aJ2470+3 + J1a70270133
- datdy
s J12923 _ J1ado3 _ Jaadn3 , Jiad2a
J33 J33 J33 44
o]
~ E Inl ¥ ) Y - w“ - 6 V_2 - 3 S ., ~ rv2 - El
= 23 S“/.! X+ X~ 3—- ( l E:S 51] -5— l.S;/-I ﬁri 4 sz + . - )
< _ J'\32J4_', = 2393794332 + J~42J31
X22 = o < -
de\.d3
< _J2_3_ J23J'wﬂ J‘s_n.z
J33 J33 Jaq
2
. TW 20 w2,-1 . 2 W 12 .2 6 2
2 —2—; '3—— (ﬂf' ) Xz —3— ( 1 2—5- ﬂw g MS‘L/N ﬂd + . . .)
Section 2, equatiocns (38) -(40) give the elements of J1.
2 -1 2 -1
For MS,/N >> (g4 ) and MSq1/N << (8W ) these become :
sy T sim® 2wt s 2 3 ey 5% )
11 * 37 T Hs,/W 173 g M2t B 10 Ui/ .
2
- w 2
J1z2 = 2T MSI/N X1Xp oo (1 - 5o pw® - 2owsy/m gt )
. 2 .
Ja2 r Hmsym xp® (1w 2 sy e - 2o omsyymoput )

2
Neglecting terms of inverse powers of MS,/ll and MS,/NBW one cobtains :

2 2
2 W (MSy/N)

(11

TW 9 a1 mvge

Ji11 - X11
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Jia = X312 2 - ¥ X1Xa 3 MSq/W (1 - 3% T + I3 MS. /M gIT )

~
’, -~ <

; Jaz - Xoz = 2 oxo® Homso/w (1 - s pwmsi/u )
. At lcw signal to noise ratios for source 1, i.e., MS1/MN << 1, tkhe
o" variance of bearing errors are given by :
2 Var(a;) 2 { T %12 22 42 gu? (us,m 2 \}-1 (A7.2)
) U=t T 2a 1 5 HolY Sp ! T
- Var(ag) 2 | T x,2 12 w2 su? usy/w l-l - (a7.2)
g 2) 2 { g7 X2" 75 WU AWT MSp/N :
2
: At large signal to noise ratios whera MS{/N >> 1
3
9
) r 2 "'1
a ey TW .2 2 28W a2 _S1 ) \

Var(zsy) 2 { 57 X17 WO = (MS1/N) 55 ,} (A7.3)
& . CTW . 2 .2 280 2 2, 7t
Var(za) 2 | 5= X2° W =— ( M%sysa/n%) ) (A7.4)
1 Equaticns (A7.1) - (A7.4) ar=z equaticns (94), ($s5), (s7), (s8)
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Sy (v2 ¥1)
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Derivacicon ¢f equatizons (LC7T) and (103)

Als) i3 givan by

TW
s
r A+ ! b
. - uev\Kﬁ) - Y -
',l(b) = E In l. W J - 1l=n [ de;(l\O) Cet(s.\l - (l‘S)hO ) ]
-
k=1

Ccnsidar det(T~). Rg has the form of the identity matrix gplus an |
cutar product matrix., The matrix
Ay o Ay
Nyl + S¥g¥n
mas  (M-1) eigenvaluass of Ny and cne remaining 2izeavalus of My + A,
wnar=2 is th2 single nonzero eigenvalus of Svyvp . This nonzero
el u2  is eguzl to Syay'ws = MS. Therefcrs, the daterminant  of
— —
M
Ky has the forz of the iIdenctity matriz plus two outer product
matrices:
Ky = Nyl + Sivaive  + Szvav:‘
The matrix Ky has (M-2) eigenvalues of Ny and two cthers which are of
the £orm ( the k dependence cf Ny is hereaiter suppressed) :
N + Aq . N + Ao
where A; and Ap are the two nonzero eigenvalues of the matrix Sivivi~
- k3 .
+ Sgvavo~, . AL and Ay can be computed fron the followin eigenvalue
eguation. Eigenvectors associated with nenzzro eigenvalues of the
. & -
matrix S.vivy + S2¥avy  have the form
ayz: + avp
so that
>
(Sizivy + Spwzyz ) (azi + byp) = Alavy + bup)
where the abecve soluticns for A are Aj and Aa. Using the above
eigenvalue egquation cne can solve for the roots :
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1 2
: Vera YAl o
12 3 L - -—— j¥1 ¥2. , One oZtain
PO !
Moo
-
o]
-~
MS + M 5155 §120 =0

The following properties of the solutions to gquadratic egquations
yield

2 i
A+ + A = M3, AlAp = M S4S52 §12 3

M-2 M-2 2
N (N + A (M + Ag) =X (1 + MS + M S1S7 £12)

L

so that

[o"
[}

«r

;;
(@]
1]

M 2 2
i By = 1 + MS/N + M S1Sp/N

!
[
<
PI‘

-
J‘

One «can use an idsntizal approach te compute the detesrminant ¢ the
macri

n
e
1)
[
’ 2]
4
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O
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O
I<
(&)
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e
—
U
’—-l
<<
' A
<
-3
+

Poyowy - PPplwav: wovn 4+ Vo¥) 2131-)}

s/

L83

whers Pg —_
1 + Ms/N

T= above matrix in brackets has the form I - A. he matrix A  has
three nonzer eigenvalues which correspond to eigenvectors of <the

form
avg + by +cya.

The matrix I - A has (M-3) eigenvalues of 1 and three othars of the

1 -2ay ; i=1,2,3

where the Aj the nonzero eigenvalues of A.
T t

he terms in A:
A = Pouozo® + GxPivilvi® - Palwi'valva’) + Gyualva® - Prlva'vilyr’)
and writing the matrix equation det(A-AI) = O one obtains the
following expression. For brewvity of notaticn, define

»

pi ﬁ V-‘_‘{j fOI’ ipJ = 01112'
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n'\- T
) W’\‘ l
Ty ,
+ W% 4
2
o |
_.;_. .
ol
e -1 -1 1 [ 2 2 2
-, " s ) -~ 1 - < = +
W det (s (L-s)Xy ) = Pl + MS/N v+ s M SaSo/N g1 ‘
A (2 + MS/M) Hye |
/ 2
1=~ AN ; “ :
+ s{l-s) MS/N ( MS1/N §gou + MSo/N §02 ) + s (1-s)( §12 + 01
.\
29
A + {02 -2 X
P
.":-:
A '(.!'
Co:::n;;g with the previous results for det (K1) and det(Xp), the
e@xpressicn for yls) becomes :
s
n\‘l
J'--'
e T

N
'.“\4 s = - 3
o + 37 02 ) R + s"(1-s) MS/N R (12 + $92 + &p1 - 2 ¥) } (as.2)
.J.‘: -
r.
which is equation (107).
: Mew consider egquation (A9.2) with the specialization of vy :
—Jogvse “Jugvo “JjeoyxuM-1 T

va=[1, e , e P -

a e

5 _ 26

S1a1 + Spap

IEN vi = & sin( ) /¢ |
. S
e, .
.\.'\ I
N . . ) g
- From the results of section 2 : ;
v M-1 |
2 < )
4 1 L. :
§12 = 1 - = cos{wpd(i-j) (cosay - cosajy)/c) '
b M _1
=T T
NN Wish
‘TN a1 + a:z as — al
\; a = ; 4 = ; da = 24
W 2 2
%

A I
Q
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For ja1 - az | << 21,
cosa1 - cosap I Aa sin(a)
If in additicn, WLsin(a)Aa/c << 21, one obtains
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. _ M-1
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2 2 2 2 2
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S Finally for X
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Returning to equation (A9.2), by inserting the results of (A9.3) and
(A9.4) one obtains the simplification :

£12 + f01 + $02 - 2x =0

S S 2
— §01 + — {02 = Bug
S2 S1
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